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Abstract
In the present paper we will prove that every partial latin square L ¼ ðlijÞ of odd order n
with 2 cyclically generated diagonals (liþt; jþt ¼ lij þ t if lij is not empty; with calculations
modulo n) can be cyclically completed.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
A partial latin square L of order n is an n  n array in which each cell is either
empty or contains a single element from an n-set S of symbols, such that each
element occurs at most once in each row and at most once in each column. If every
cell is ﬁlled, then L is a latin square. If not explicitly stated differently, we assume the
elements of S to be the integers 0; 1;y; n  1 and also that the rows and columns are
indexed by 0; 1;y; n  1: A partial transversal of a partial latin square of order n is a
set of ﬁlled cells, at most one in each row, at most one in each column, and such that
no two of the cells contain the same symbol. A partial transversal with n cells is
called a transversal. We refer the reader to [4,5] for undeﬁned terms as well as a
general overview of latin squares.
Completion of partial latin squares has been investigated in a number of papers.
Best known is Evans’ conjecture [6] that an n  n partial latin square which has n  1
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cells occupied can always be completed to a latin square of order n: Based on work
by Marica and Scho¨nheim [10] and Lindner [9] this conjecture was proved to be true
by Ha¨ggkvist [8] for nX1111 and independently by Smetaniuk [12] and by Andersen
and Hilton [2] for all n: We also like to mention a still unsolved conjecture stated by
Daykin and Ha¨ggkvist [3] that says that if L is a partial n  n latin square where each
row, column and symbol is used at most un times (where u is some constant, e.g.
u ¼ 1
4
), then L can be completed. This has already been proved by Daykin and
Ha¨ggkvist when n is a multiple of 16 and each row, column and symbol is used at
most 27
ﬃﬃﬃ
n
p
times.
In connection with questions from design theory the following problem was
posed by Alspach and Heinrich in 1990 [1]: Does there exist an NðkÞ such that
if k transversals of a partial latin square of order nXNðkÞ are prescribed, the
square can always be completed? For k ¼ 1 one has Nð1Þ ¼ 3 since there exists
an idempotent latin square for every order na2: A more speciﬁc version of
their question was posed by Rees [11]: Does there exist an N such that if four
cyclically generated transversals liþt; jþt ¼ lij þ t ðmod nÞ of a partial latin square of
order nXN are prescribed, the square can always be completed to one which
contains a further ﬁve transversals? Gru¨ttmu¨ller [7] proved that if NðkÞ exists, then
NðkÞX4k  1:
Fig. 1 shows as an example a partial latin square with 2 cyclically generated
diagonals (an asterisk indicates an empty cell) together with its unique completion.
Notice that the remaining 3 diagonals in the completed latin square are also
cyclically generated. Therefore, it seems natural to try a completion to a cyclically
generated latin square. Such a cyclic completion is impossible if n is even. But for
odd n it suggests the following question. Does there exist an odd constant CðkÞ such
that if k cyclically generated diagonals liþt; jþt ¼ lij þ t ðmod nÞ of a partial latin
square of odd order nXCðkÞ are prescribed, the square can always be cyclically
completed? Among all these constants let CðkÞ denote the smallest one. For example,
a cyclically generated idempotent latin square L ¼ ðlijÞ can be constructed for all odd
n by deﬁning lij ¼ 2i  j ðmod nÞ: This implies that Cð1Þ ¼ 1:
In [7] Gru¨ttmu¨ller found lower bounds for CðkÞ stating that Cð2ÞX3 (the trivial
bound) and CðkÞX3k  1 for kX3: Completing all possible partial latin squares of
odd order n with k cyclically generated diagonals (briefly PLSðn; kÞ) with k in the
range 2pkp7 and 3k  1pnp21 he provided some evidence that the lower bounds
for CðkÞ mentioned above might be the best possible bounds.
In support of this we shall prove:
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Theorem 1.1. Every partial latin square of odd order n with 2 cyclically generated
diagonals can be cyclically completed. This means Cð2Þ ¼ 3:
Section 2 introduces some terminology and notation. In Section 3 we investigate
direct constructions for latin squares of prime order or order nine which contain two
prescribed diagonals and a special class of latin squares with a certain cut-and-paste
property. These latin squares will be used in Section 4 as ingredients for recursive
constructions. In Section 5 we combine the results obtained and prove the main
result Theorem 1.1.
2. Preliminaries
We begin by introducing some terminology and notation. Clearly, a cyclically
generated square L of order n is completely described by its ﬁrst row R ¼
ðl0;0; l0;1;y; l0;n1Þ ¼ ðr0; r1;y; rn1Þ and it is a latin square if and only if all elements
ri as well as all differences ri  i ðmod nÞ are mutually distinct. The latter condition
ensures that the elements in every column are pairwise different. As mentioned
before, it is easily checked that there is no cyclically generated latin square of even
order n since
Pn1
i¼0 i  n2 mod n but
Pn1
i¼0 ðri  iÞ  0 mod n: A proper partial row is a
row ðr0; r1;y; rn1Þ where some of the ri are empty and all nonempty ri and the
corresponding differences ri  i ðmod nÞ are mutually distinct. Of course, a proper
partial row with exactly k nonempty ri corresponds to a PLSðn; kÞ: We remark
that most (but not all) computations are done in the ring (Zn;þ; 	). If xAZn is relative
prime to the ring order, then the multiplicative inverse exists and will be denoted
by x1:
We will state most of the results in terms of proper (partial) rows and start here
with a ﬁrst observation:
Lemma 2.1. Let n; m; a be three integers (n; m relatively prime) and let R ¼
ðr0; r1;y; rn1Þ be a proper row. Then each of
R þ a ¼ ðr0 þ a; r1 þ a;y; ri þ a;y; rn1 þ aÞ;
mR ¼ ðmrm10; mrm11;y; mrm1i;y; mrm1ðn1ÞÞ;
RT ¼ ðrj0 ; rj1 ;y; rji ;y; rjðn1Þ Þ
and
RR ¼ ðrj1  2;rj2  2;y;rji1  2;y;rj0  2Þ
is also a proper row, where the indices ji are uniquely determined by rji  ji ¼ i and all
calculations are performed in the ring (Zn;þ; 	).
Proof. R is a proper row and, therefore, all the elements ri þ a and differences
ðri þ aÞ  i are distinct. Thus, R þ a is a proper row. Furthermore, since m and
m1 are relatively prime to n we have fmrm1i : iAZng ¼ fmri : iAZng ¼ fri : iAZng ¼
Zn and fmrm1i  i : iAZng ¼ fmðrm1i  m1iÞ : iAZng ¼ fmðri  iÞ : iAZng ¼ fri 
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i : iAZng ¼ Zn; implying that mR is a proper row. Similarly, frji : iAZng ¼
fri : iAZng ¼ Zn and frji  i : iAZng ¼ f ji : iAZng ¼ Zn; implying that RT is a proper
row. Moreover, RR is a proper row since frji1  2 : iAZng ¼ fri  2 : iAZng ¼
Zn and frji1  2 i : iAZng ¼ fði  1þ ji1Þ  2 i : iAZng ¼ fji
1 1 : iAZng ¼ Zn: &
If R is proper row, then R þ ðr0Þ is a proper row. Therefore, without loss of
generality, we can always assume that the ﬁrst prescribed element in a row equals
zero: r0 ¼ 0:
We remark that proper rows are equivalent to transversals in a special latin square
as follows: R ¼ ðr0; r1;y; rn1Þ is a proper row if and only if TR ¼ fðri 
i ðmod nÞ; iÞ : iAZng is a transversal in the latin square L ¼ ðlijÞ ¼ ði þ j ðmod nÞÞ:
We will use this equivalence to illustrate statements and constructions, see for
example Fig. 2 for Lemma 2.1 and note that RT can be obtained from R by
transposing the corresponding transversal cells, while RR can be obtained from R by
reﬂecting the transversal cells in the main back diagonal.
Let R be a row with n elements and deﬁne uðRÞ; cðRÞ to be two sets of indices as
follows: uðRÞ ¼ fi : ðri ðmod nÞÞ  iX0g and cðRÞ ¼ fi : ðri ðmod nÞÞ  io0g: The set
uðRÞ can be viewed as the set of indices whose corresponding transversal cells are
above or on the main back diagonal. Moreover, we deﬁne an operation cpðR; Q; wÞ
ðwAf0; 1;1gÞ which cuts out elements of row R ¼ ðr0; r1;y; rn1Þ and pastes in
elements of row Q ¼ ðq0; q1;y; qn1Þ to form a new row E ¼ cpðR; Q; wÞ ¼
ðe0; e1;y; en1Þ with
ei ¼
ri if iAuðRÞ;
qi þ wn if iAcðRÞ:
(
Note that calculations are no longer modulo n: For example take R ¼ ð0; 3; 1; 4; 2Þ to
obtain E ¼ cpðR; R; 1Þ ¼ ð0; 3; 6; 4; 7Þ: A row E ¼ ðe0; e1;y; en1Þ with all the ei as
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Fig. 2. Rows R ¼ ð0; 3; 1; 4; 2Þ; 2R; RT; RR illustrated as transversals.
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well as all the ei  i ðmod nÞ mutually distinct and the property that 0pei  ion
will be called an extended proper row. An extended proper row E can also be viewed
as a transversal TE ¼ fðei  i; iÞ : iAZng in the n  n square L ¼ ðlijÞ ¼ ði þ jÞ; see
Fig. 3. Squares of this kind occur later as subsquares in the structures to be
considered.
3. Direct constructions
In this section, we provide constructions for latin squares of prime order or order
nine containing two prescribed diagonals. Furthermore, we describe a special class of
latin squares and their properties which will turn out to be very useful in the proof of
Lemma 4.5.
Lemma 3.1. Let n be a prime number. Then every PLSðn; 2Þ L is cyclically
completable.
Proof. All calculations in this proof are done in the ﬁeld Zn: Let l0;0 ¼ 0 and
l0; j be the two prescribed elements of the ﬁrst row of L: Let d ¼ l0; j  j and
deﬁne a row R by ri ¼ ið j1d þ 1Þ for i ¼ 0; 1;y; n  1: Clearly all elements ri
and all differences ri  i ¼ ij1d are distinct. Moreover, r0 ¼ 0 and rj ¼
jð j1d þ 1Þ ¼ d þ j ¼ l0; j : Thus, R is the ﬁrst row of a cyclic completion of L as
desired. &
Lemma 3.2. Let L be a PLSð9; 2Þ: Then L is cyclically completable.
Proof. Let R be the ﬁrst row of L with prescribed elements r0 ¼ l0;0 ¼ 0 and rj ¼ l0; j
where rj ; j; ðrj  j ðmod 9ÞÞa0: Obviously, R can be completed to one of the
following 7 proper rows since every possible pair ðr0 ¼ 0; rjÞ occurs among
them: (0,2,4,6,8,1,3,5,7); (0,3,7,4,1,8,5,2,6); (0,4,3,8,2,7,1,6,5); (0,5,8,2,6,3,7,1,4);
(0,6,1,5,7,2,4,8,3); (0,7,6,1,5,4,8,3,2); (0,8,5,7,3,6,2,4,1). &
In the following, we deﬁne for every odd nX5 the ﬁrst row RðnÞ ¼ ðr0; r1;y; rn1Þ
of a special cyclically generated latin square of order n:
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Construction 3.3. If n  1 ðmod 4Þ; then define
ri ¼
2i for i ¼ 0; 1;y; n5
2
;
2i þ 2 ðmod nÞ for i ¼ n3
2
; nþ1
2
;y; n  4;
n  2 for i ¼ n1
2
;
n  3 for i ¼ n  2;
2i  2 ðmod nÞ for i ¼ nþ3
2
; nþ7
2
;y; n  1:
8>>><
>>>>:
If n  3 ðmod 4Þ; then define
ri ¼
2i for i ¼ 0; 1;y; n5
2
;
2i þ 2 ðmod nÞ for i ¼ n1
2
; nþ3
2
;y; n  4;
n  2 for i ¼ n3
2
;
n  3 for i ¼ n  2;
2i  2 ðmod nÞ for i ¼ nþ1
2
; nþ5
2
;y; n  1:
8>>><
>>>>:
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Fig. 4. Rows Rð9Þ ¼ ð0; 2; 4; 8; 7; 3; 1; 6; 5Þ and Rð11Þ ¼ ð0; 2; 4; 6; 9; 1; 10; 5; 3; 8; 7Þ:
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See for example Rð9Þ or Rð11Þ in Fig. 4. We observe that all these rows have the
following nice and for our constructions important property.
Property 3.4. Let R be a proper row as constructed above, then A ¼ ðaiÞ ¼
cpðR; R; 1Þ; B ¼ ðbiÞ ¼ cpðR; RR; 1Þ and C ¼ ðciÞ ¼ cpðRR; R; 1Þ are extended proper
rows and cpðA; A;1Þ ¼ R; cpðA; C;1Þ ¼ R; cpðB; A;1Þ ¼ R and cpðC; B;1Þ ¼
RR are proper rows. Moreover, a0 ¼ b0 ¼ 0; c0 ¼ 1; and if n  3 ðmod 4Þ bðn1Þ=2 ¼ n
while if n  1 ðmod 4Þ bðnþ1Þ=2 ¼ n:
Proof. We show that B has the property to be an extended proper row with b0 ¼ 0
and bðnþ1Þ=2 ¼ n in the case n  1 ðmod 4Þ: We omit the proof for the case
n  3 ðmod 4Þ and for the rows A and C where a similar argument applies.
Let n  1 ðmod 4Þ: First we determine the entries of RR as follows:
rRi ¼
1 for i ¼ 0;
2i þ 2 for i ¼ 1; 3;y; n3
2
;
2i  2 for i ¼ 2; 4;y; n1
2
;
0 for i ¼ nþ1
2
;
2i ðmod nÞ for i ¼ nþ32 ; nþ52 ;y; n  1:
8>>><
>>>>:
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See Fig. 5 for illustration of Rð9ÞR and B ¼ cpðRð9Þ; Rð9ÞR; 1Þ: Note that uðRÞ ¼
uðRRÞ ¼ f0; 1;y; n1
2
g and fri  i ðmod nÞ : iAuðRÞg ¼ frRi  i ðmod nÞ : iAuðRÞg ¼
f0; 1;y; n5
2
; n3
2
; nþ1
2
g: Now,
bi ¼
ri for i ¼ 0; 1;y; n12 ;
rRi þ n for i ¼ nþ12 ; nþ32 ;y; n  1
(
and clearly all the bi are mutually distinct since all ri are mutually distinct and less
than n and all rRi þ n are mutually distinct and at least n: Moreover, all bi  i ðmod nÞ
are distinct since fbi  i ðmod nÞ : i ¼ 0; 1;y; n  1g ¼ fri  i ðmod nÞ : iAuðRÞg,
frRi þ n  i ðmod nÞ : iAcðRRÞg¼ fri  i ðmod nÞ : iAuðRÞg,fri  i ðmod nÞ : iAcðRÞg
¼ fri  i ðmod nÞ : i ¼ 0; 1;y; n  1g and R is a proper row. Finally, 0pbi  ion
since bi ¼ ri if and only if iAuðRÞ and bi ¼ rRi þ n if and only if iAcðRRÞ: This
implies that B is an extended proper row. Furthermore, b0 ¼ r0 ¼ 0 and bðnþ1Þ=2 ¼
rRðnþ1Þ=2 þ n ¼ 0þ n as claimed. &
4. Recursive constructions
In this section, we present two constructions which build new proper rows from
small ingredient rows. These constructions will then be used to establish that every
PLSðn; 2Þ with prescribed elements l0;0 ¼ 0 and l0; j ¼ 2j þ 1 ðmod nÞ is cyclically
completable.
Construction 4.1. Let Q ¼ ðq0; q1;y; qm1Þ be a proper row of length m and E ¼
cpðQ; Q; 1Þ ¼ ðe0; e1;y; em1Þ: Let Q0; Q1;y; Qm1 with Qi ¼ ðqi;0; qi;1;y; qi;n1Þ be
m proper rows of length n each for i ¼ 0; 1;y; m  1: Then R ¼ ðr0; r1;y; rmn1Þ
defined by
ri ¼ qb;am þ eb ðmod mnÞ;
where the integers a; b are uniquely defined by i ¼ am þ b with 0pbom is a proper row
of length mn.
Before proving the claim we present an example.
Example 4.2. Let m ¼ 5; Q ¼ ð0; 3; 1; 4; 2Þ; E ¼ ð0; 3; 6; 4; 7Þ; n ¼ 3; Q0 ¼ ð0; 2; 1Þ;
Q1 ¼ ð1; 0; 2Þ; Q2 ¼ ð2; 1; 0Þ; Q3 ¼ ð1; 0; 2Þ; Q4 ¼ ð0; 2; 1Þ: Then R ¼
ð0; 8; 1; 9; 7; 10; 3; 11; 4; 2; 5; 13; 6; 14; 12Þ: See Fig. 6 for a representation of R by a
transversal. The second latin square is a rearrangement of the ﬁrst latin square
obtained by simultaneously permuting columns and rows which provides a better
understanding of the foregoing construction which can also be stated as: Take an
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m  m square L ¼ ðlijÞ ¼ ði þ jÞ with a transversal TE and replace every cell ði; jÞ by a
latin square Lij ¼ ðlijklÞ ¼ ðði þ jÞ þ ðk þ lÞm ðmod mnÞÞ of order n (the set of symbols
in Lij is fi þ j; i þ j þ m;y; i þ j þ ðn  1Þm ðmod mnÞg) to obtain a latin square of
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Fig. 6. Transversals representing row R ¼ ð0; 8; 1; 9; 7; 10; 3; 11; 4; 2; 5; 13; 6; 14; 12Þ:
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order mn: While doing so every transversal cell ði; jÞATE will be replaced by n new
transversal cells from TQj in L
ij :
Proof. We have to prove that in R all elements ri as well as all the ri  i ðmod mnÞ
are distinct, i.e., fri : iAZmng ¼ fri  i ðmod mnÞ : iAZmng ¼ Zmn: Obviously
fri : iAZmngDZmn and fri  i ðmod mnÞ : iAZmngDZmn and, therefore, it remains to
prove that ZmnDfri : iAZmng and ZmnDfri  i ðmod mnÞ : iAZmng: Let xAZmn with
x ¼ am þ b and 0pbom: There is exactly one qb in Q with qb ¼ b: Thus,
eb  b ðmod mÞ and fqb;am þ eb ðmod mnÞ : aAZng contains all residues congruent to
b ðmod mÞ: This implies that there exists an a such that x ¼ qb;am þ eb ðmod mnÞ ¼
ramþbAfri : iAZmng: Moreover, there is exactly one index b such that eb  b ¼ b and
exactly one a such that qb;a  a ðmod nÞ ¼ a: Therefore, x ¼ ðqb;a  aÞmþ
ðebbÞ ðmod mnÞ¼ramþbðam þ bÞ ðmod mnÞAfrii ðmod mnÞ : iAZmng: That com-
pletes the proof. &
Construction 4.3. Let Q ¼ ðq0; q1;y; qm1Þ be a proper row of length m: Let
E0; E1;y; Em1 with Ei ¼ ðei;0; ei;1;y; ei;n1Þ be m extended proper rows of length n
each with the additional property that cpðEi; Ei1 ðmod mÞ;1Þ is a proper row for
i ¼ 0; 1;y; m  1: Then R ¼ ðr0; r1;y; rmn1Þ defined by
ri ¼ qan þ eqa;b ðmod mnÞ;
where the integers a; b are uniquely defined by i ¼ an þ b with 0pbon is a proper row
of length mn:
Again, we ﬁrst provide an example.
Example 4.4. Let m ¼ 3; Q ¼ ð0; 2; 1Þ; n ¼ 5; E0 ¼ ð0; 4; 3; 7; 6Þ; E1 ¼ ð0; 4; 3; 5; 8Þ;
E2 ¼ ð1; 4; 2; 7; 6Þ: Then R ¼ ð0; 4; 3; 7; 6; 11; 14; 12; 2; 1; 5; 9; 8; 10; 13Þ: See Fig. 7 for
a representation of R by TR: In terms of transversal cells we may formulate the
construction above as: Take a latin square L ¼ ðlijÞ ¼ ði þ j ðmod mÞÞ and replace
every cell ði; jÞ by an n  n square Lij ¼ ðlijklÞ ¼ ðði þ jÞn þ ðk þ lÞ ðmod mnÞÞ of order
n to obtain a latin square of order mn: While doing so every transversal cell ði; jÞATQ
will be replaced by n new transversal cells from TEiþj ðmod mÞ in L
ij :
Proof. It sufﬁces to prove that fri : iAZmng ¼ fri  i ðmod mnÞ : iAZmng ¼ Zmn: At
ﬁrst, we show ZmnDfri : iAZmng: Let xAZmn with x ¼ an þ b and 0pbon; then
there is exactly one index a such that qa ¼ a: Moreover, there is exactly one index b
such that the bth entry in row cpðEqa ; Eqa1 ðmod mÞ;1Þ equals b: Now, if bAuðEqaÞ;
then eqa;b ¼ b and, therefore, x ¼ qan þ eqa;b ¼ ranþbAfri : iAZmng: If bAcðEqaÞ;
then eqa1 ðmod mÞ;b  n ¼ b and, therefore, x ¼ qan þ eqa1 ðmod mÞ;b  n ¼ ðqa  1Þ
n þ eqa1 ðmod mÞ;b ðmod mnÞ ¼ ra0nþbAfri : iAZmng for some a0: Clearly fri : iAZmngD
Zmn: This implies that fri : iAZmng ¼ Zmn:
Secondly, we need to prove that fri  i ðmod mnÞ : iAZmng ¼ Zmn: For an arbitrary
xAZmn with x ¼ an þ b and 0pbon we have xAfri  i ðmod mnÞ : iAZmng; since
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there is a uniquely determined pair ða; bÞ such that qa  a ðmod mÞ ¼ a and eqa;b 
b ¼ b with the property that x ¼ ðqa  aÞn þ eqa;b  b ðmod mnÞ ¼ ranþb  ðan þ
bÞ ðmod mnÞAfri  i ðmod mnÞ : iAZmng: Thus fri  i ðmod mnÞ : iAZmng ¼ Zmn fol-
lows since clearly fri  i ðmod mnÞ : iAZmngDZmn: &
Our next result concerns the completion of PLSðn; 2Þ where n is a composite integer
and the symbols prescribed in the ﬁrst row are 0 and 2j þ 1 ðmod nÞ at the jth position.
Lemma 4.5. Let p43 be a prime number and m an odd integer. Furthermore, let
l0;0 ¼ 0 and l0; j ¼ 2j þ 1 ðmod mpÞ be the two prescribed elements of the first row of a
PLSðmp; 2ÞL: Then L is cyclically completable.
Proof. We consider four cases depending on the residues of j; 2j þ 1 and j þ 1
modulo p:
First of all assume that jc0 ðmod pÞ; 2j þ 1c0 ðmod pÞ and j þ 1c0 ðmod pÞ: These
are exactly the conditions needed to secure the existence of a proper row U of size p with
u0 ¼ 0 and uj ðmod pÞ ¼ 2j þ 1 ðmod pÞ by Lemma 3.1. Take as ingredients in
Construction 4.3 the proper row Q ¼ ð0; 2; 4;y; 2i;y; m  4; m  2Þ of length m
and take m extended proper rows Ei ¼ cpðU ; U ; 1Þ: Thus, we obtain the ﬁrst row R of a
cyclic completion of L; since r0 ¼ q0p þ eq0;0 ðmod mpÞ ¼ 0 	 p þ e0;0 ¼ 0 and, more-
over, with j ¼ ap þ b (0pbop) we have rj ¼ qap þ eqa;b ðmod mpÞ ¼ 2ap þ
e2a ðmod mÞ;b ðmod mpÞ ¼ 2ap þ 2b þ 1 ðmod mpÞ ¼ 2j þ 1 ðmod mpÞ as prescribed in L:
ARTICLE IN PRESS
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Now assume that j  0 ðmod pÞ: Use the row U ¼ RðpÞ from Construction 3.3
to deﬁne extended proper rows as described in Property 3.4: Eð2j=pÞ ðmod mÞ ¼
cpðUR; U ; 1Þ; Eð2j=p1Þ ðmod mÞ ¼ cpðU ; UR; 1Þ and Ei ¼ cpðU ; U ; 1Þ for i ¼
0; 1;y; m  1 with ic2j
p
; 2j
p
 1 ðmod mÞ: With these rows and Q ¼
ð0; 2; 4;y; 2i;y; m  4; m  2Þ; Construction 4.3 provides a proper row R (Example
4.4 can be viewed as an example for j ¼ 5; p ¼ 5 and m ¼ 3) such that r0 ¼
q0p þ eq0;0 ðmod mpÞ ¼ 0 	 p þ e0;0 ¼ 0þ u0 ¼ 0: Moreover, with j ¼ ap and Property
3.4 (which ensures that eð2j=pÞ ðmod mÞ;0 ¼ 1) we have rj ¼ 2ap þ e2a ðmod mÞ;0
ðmod mpÞ ¼ 2ap þ 1 ðmod mpÞ ¼ 2j þ 1 ðmod mpÞ: Hence, R is the ﬁrst row of a
cyclic completion of L:
In the case 2j þ 1  0 ðmod pÞ we use U ¼ RðpÞ from Construction 3.3
and Eðð2jþ1Þ=pÞ ðmod mÞ ¼ cpðUR; U ; 1Þ; Eðð2jþ1Þ=p1Þ ðmod mÞ ¼ cpðU ; UR; 1Þ and Ei ¼
cpðU ; U ; 1Þ for i ¼ 0; 1;y; m  1 with ic2jþ1
p
; 2jþ1
p
 1 ðmod mÞ which are extended
proper rows according to Property 3.4. With Q ¼ ð0; 2; 4;y; 2i;y; m  4; m  2Þ;
Construction 4.3 provides a proper row R which is the desired row if p  3
ðmod 4Þ since r0 ¼ 0þ u0 ¼ 0 and rj ¼ 2ap þ e2a ðmod mÞ;b ðmod mpÞ ¼ 2ap þ
eðð2jþ1Þ=p1Þ ðmod mÞ;ðp1Þ=2 ðmod mpÞ ¼ 2ap þ p ðmod mpÞ ¼ 2j þ 1 ðmod mpÞ with j ¼
ap þ b (0pbop) and 2j þ 1 ¼ 2ap þ 2b þ 1 ¼ ð2a þ 1Þp (Property 3.4 secures that
eðð2jþ1Þ=p1Þ ðmod mÞ;ðp1Þ=2 ðmod mpÞ ¼ p). If p  1 ðmod 4Þ; then RT is the desired
row since rT0 ¼ r0 ¼ 0 and rTj ¼ rjþ1 ¼ 2ap þ e2a ðmod mÞ;bþ1 ðmod mpÞ ¼ 2ap þ
eðð2jþ1Þ=p1Þ ðmod mÞ;ðpþ1Þ=2 ðmod mpÞ ¼ 2ap þ p ðmod mpÞ ¼ 2j þ 1 ðmod mpÞ (Property
3.4 secures that eðð2jþ1Þ=p1Þ ðmod mÞ;ðpþ1Þ=2 ðmod mpÞ ¼ p). Again, Example 4.4 with the
additional step of transposing the result obtained can be viewed as an example for
j ¼ 12; p ¼ 5 and m ¼ 3:
Finally assume j þ 1  0 ðmod pÞ: In view of the foregoing (case j  0 ðmod pÞ)
we are able to ﬁnd a proper row R0 with r00 ¼ 0 and r0ð jþ1Þ ðmod mpÞ ¼ 
2ð j þ 1Þ þ 1 ðmod mpÞ: Then R ¼ ð1Þ 	 ðR0ÞT is a proper row with r0 ¼ 0
and rj ¼ ðr0ÞTj ðmod mpÞ ¼ r0ð jþ1Þ ðmod mpÞ ¼ ð2ð j þ 1Þ þ 1Þ ðmod mpÞ ¼ 2j þ 1
ðmod mpÞ: &
Lemma 4.6. Let l0;0 ¼ 0 and l0; j ¼ 2j þ 1 ðmod 3aÞ be the two prescribed elements of
the first row of a PLSð3a; 2ÞL: Then L is cyclically completable.
Proof. If a ¼ 1; then there is no PLSð3; 2Þ with prescribed elements of the kind
described above. If a ¼ 2; then the result follows from Lemma 3.2. If aX3; then we
use a similar argument as in the proof of Lemma 4.5: instead of a prime p we
consider p ¼ 9 and the result follows immediately. &
5. Results and problems
Now, we are ready to prove the main result of this paper.
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Proof of Theorem 1.1. We use induction to prove the claim and assume that every
PLS(m,2) with mon is cyclically completable. This is true by Lemmas 3.1 and 3.2
for mp13:
Let l0;0 ¼ 0 and l0; j be the two prescribed elements of the ﬁrst row of a
PLSðn; 2Þ L: We consider three cases depending on the factorization of n:
Suppose ﬁrst that there exists a prime factor p of n such that j ¼ ap and l0; j ¼ ap:
Let n ¼ mp: Take a proper row Q of length m with q0 ¼ 0 and qa ¼ a (which
exists by the induction hypothesis) and m extended proper rows Ei of length
p deﬁned by ei;s ¼ 2s for s ¼ 0; 1;y; p  1: The result follows from
Construction 4.3.
Now, suppose that there exists a prime factor p of n such that j ¼ ap þ b
ð0obopÞ; l0; j ¼ ap þ b ð0obopÞ and bab: Let n ¼ mp: Take a proper row Q of
size p with q0 ¼ 0 and qb ¼ b (which exists by Lemma 3.1). Choose p proper rows Qi
of size m such that q0;0 ¼ 0; and qb;a ¼ a if bob or qb;a ¼ a 1 ðmod mÞ if b4b:
(which exist since Cð1Þ ¼ 1). Applying Construction 4.1, we get a proper row R with
the prescribed elements, as desired.
Finally, suppose for all prime divisors p of n exactly one of the following
conditions is true: j  0 ðmod pÞ or l0; j  0 ðmod pÞ or l0; j  j  0 ðmod pÞ: Deﬁne
m ¼ l0; j  2j: Note that m is relatively prime to n; since otherwise for at least one
prime divisor of n all three conditions above are simultaneously satisﬁed. Hence, m1
exists in ðZn;þ; 	Þ: Lemmas 4.5 or 4.6 yields a proper row R0 of length n with r00 ¼ 0
and rm1j
0 ¼ 2ðm1jÞ þ 1 ðmod nÞ: Now, R ¼ mR0 is a proper row with r0 ¼ 0 and
rj ¼ mrm1j 0 ðmod nÞ ¼ mð2ðm1jÞ þ 1Þ ðmod nÞ ¼ 2j þ ðl0; j  2jÞ ðmod nÞ ¼ l0; j ; as
desired. &
We hope that this result provides some ideas that might be helpful to solve the
general problem.
Problem 5.1. Is it possible to prove that every partial latin square of odd order n with k
cyclically generated diagonals can be cyclically completed if nX3k  1?
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